RIGHT SIMPLE SINGULARITIES IN POSITIVE CHARACTERISTIC 
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Abstract. We classify isolated hypersurface singularities / £ i4T[[a;i, . . . , x n ]], K an algebraically 
closed field of characteristic p > 0, which are simple w.r.t. right equivalence, that is, which have 
no moduli up to analytic coordinate change. For K — R or C this classification was initiated by 
Arnol'd, resulting in the famous ADE-series. The classification w.r.t. contact equivalence for p > 
was done by Greuel and Kroning with a result similar to Arnol'd's. It is surprising that w.r.t. 
right equivalence and for any given p > we have only finitely many simple singularities, i.e. there 
are only finitely many k such that Ak and Dk are right simple, all the others have moduli. A 
major point of this paper is the generalization of the notion of modality to the algebraic setting, 
its behaviour under morphisms, and its relations to formal deformation theory. As an application 
we show that the modality is semicontinuous in any characteristic. 

1. Introduction 

We classify isolated hypersurface singularities / € m 2 C K [[xi, . . . , x n ]], K an algebraically 
closed field of characteristic p > 0, which have no moduli (modality 0) w.r.t. right equivalence, 
where two hypersurface singularities are called right equivalence if they differ only by an analytic 
change of coordinates . These singularities are called right simple, following Arnol'd, who classified 
right simple singularities for K = R and C (cf. [Arn72j) and who showed that they are exactly 
the ADE-singularities, i.e. the two infinite series A^,k > 1, D^,k > 4, and the three exceptional 
singularities Eq,Ej,E%. It turned out later that the ADE-singularities of Arnol'd are also exactly 
those of modality for contact equivalence. In the late eighties, Greuel and Kroning showed in 
[GK90| that the contact simple singularities over a field of positive characteristic are again exactly 
the ADE-singularities but with a few more normal forms in small characteristic. 

A classification w.r.t. right equivalence in positive characteristic however, was never considered 
so far. A surprising fact of our classification is that for any fixed p > there exist only finitely 
many right simple singularities. For example, if p = 2 and n is even, there is just one right simple 
hypersurface, 

XiX 2 + X3X4 + . . . + X n -lX n , 

while for n odd no right simple singularities exist. A table with normal forms for any n > 1 and 
any p > is given in section 3 (Theorems 13.11 - 13.3ft . The problem is even interesting for univariate 
power series (n = 1) where we give a complete classification. 

In section 2 we give a precise definition of the number of moduli (G-modality) for power series 
w.r.t. an equivalence relation given by the orbits of an algebraic group G, acting on an algebraic 
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variety, being the parameter space of a family of power series. In fact, we give two definitions, 
G-mod and G-par, both given by the action of an algebraic group G on a variety X and show that 
they coincide (Propositions [2T3l and |27F|) . a result which is valid in any characteristic. This unifies 
the arguments later, avoiding a lot of similar calculations for different cases. 

Moreover, we prove that the G-modality is upper semicontinuous for G the right resp. the contact 
group (Proposition 12.18]) . 

We introduce the notion of G-completeness which suffices to determine the modality and gene- 
ralize the Kas-Schlessinger theorem [KaS72] to deformations (unfoldings) of formal power series 
over algebraic varieties. An algebraic representative of the semiuniversal deformation with section 
of an isolated hypersurface singularity is G-complete (for G the right resp. the contact group, 
see Proposition 12.251) . However, in contrast to the complex analytic case the usual semiuniversal 
deformation is not sufficient to determine the modality and hence is not G-complete; we have to 
consider versal deformations with section (cf. Example I2.24|) . 

2. Modality 

In the sixties V. I. Arnol'd introduced the notion of modality into singularity theory for real and 
complex hypersurfaces (cf. [AGV85, Part II]), related to Riemann's idea of moduli for Riemann 
surfaces. The purpose of this section is to make the notion of modality precise in the case of 
hypersurfaces over an algebraically closed field K of arbitrary characteristic. To do this we introduce 
the number of parameters and the modality for the action of an algebraic group G on the algebraic 
variety Q X, and show that both notions coincide. Moreover, we generalize these notions to an 
equivalence relation induced by the above action and by a morphism h : X' — > X. The results of 
this section are used for the classification in Section 3. 

2.1. G-modality. The following definition makes Arnol'd's modality, given in [AGV85], precise. 

Definition 2.1. Let U C X be an open neighbourhood of x G X and W be constructible in X. 
We introduce 

dim x W := maxjdimZ | Z an irreducible component of W containing x}, 
U{i) := U G (i) :={yeU | dim y {U n G ■ y) = i},i > 0, 
G-par([7) := maxjdim U(i) — i}, 

i>0 

and call 

G-par(x) := min{G-par(?7) [ U a neighbourhood of x} 

the number of G -parameters of x (in X). 

Note that here and later, wherever we write dimS 1 , the set S is constructible, i.e. it is a finite 
union of locally closed subsets of a variety. 

^By an algebraic variety we mean a separated scheme of finite type over an algebraically closed field K, see [Har77] . 
which is fixed through this paper. By a point we mean a closed point. 
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Now we use a Rosenlicht stratification of X under the action of G to give the definition of 
modality. By Rosenlicht [Ros56, Theorem 2] (see also [Ros63]) there exists an open dense subset 
X\ C X, which is invariant under G s.t. X\/G is a geometric quotient (cf. [MFK82, §1]), in 
particular, the orbit space X\jG is an algebraic variety and the projection p\ : X\ — > Xi/G, x4 [x], 
is a surjective morphism with fibers being the G-orbits. 

Since X \ X\ is a variety of lower dimension, which is invariant under G, we can apply the 
theorem of Rosenlicht to X \ X\ and get an invariant open dense subset X2 Cl \ X\ s.t. X2/G is 
a geometric quotient. Continuing in this way with X3 C (X \ X\) \ X2, we can finally write X as 
finite disjoint union of G-invariant locally closed algebraic subvarieties Xi,i = 1, . . . ,s, such that 
Xi/G is a geometric quotient with quotient morphism pi : X; L — > Xj/G. We call {Xi, i = 1, . . . , s} a 
Rosenlicht stratification of X under G. Note that a Rosenlicht stratification is by no means unique 
and that the proof of Rosenlicht, which works for arbitrary G, is not constructive. 

Definition 2.2. Let {Xi,i = l,...,s} be a Rosenlicht stratification of the algebraic variety X 
under the action of an algebraic group G with quotient morphisms pi : X% — > Xi/G, and let U be 
an open neighbourhood of x S X. We define 



the G -modality of x (in X). 

Proposition 2.3. We have G-par(C7) = G-mod(U) and therefore G-par(x) = G-mod(x) for all 
xeX. 

This is a special case of Proposition I2.7[ taking h the identity morphism. It shows in particular 
that G-mod(U) and G-mod(x) are independent of the Rosenlicht stratification. 

Proposition 2.4. Let the algebraic group G act on the variety X. 

(i) If G and X are both irreducible then G-mod(x) > dimX — dimG. 

(ii) For any y G G • x, G-mod(x) = G-mod(y). 

(iii) // the subvariety X' C X is invariant under G and if x € X' then 



Equality holds if G-mod(x) in X' > G-mod(y), My € X \ X' . 

(iv) Let the algebraic group G' act on the variety X' and let p : X — > X' be a morphism of 
varieties. 

(1) If p is open and if 




and call 



G-mod(x) := min{G-mod([7) | U a neighbourhood of x} 



G-mod(a;) in X > G-mod(x) in X' . 



G-x^p- l (G' -p(x)), VxeX, 



then 



G-mod(x) > G'-mod(p(x)), \/x € X. 
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(2) If p is equivariant (i.e. G ■ x = p~ l (G' •p(x)), Vx G X), then 

G-mod(x) < G"-mod(p(x)), Vx € X. 
In particular, if p is open and equivariant then G-mod(x) = G"-mod(p(x)), Vx E X. 

For the elementary but not so short proof we refer to [Ngl2|. 

2.2. G-modality with respect to a morphism. We generalize the previous notation to mor- 
phisms into a G- variety X. 

Definition 2.5. Let the algebraic group G act on the variety X, let h : X' — > X be a morphism 
of algebraic varieties and let U' be an open neighbourhood of x' £ X'. For v! € V and each i > 
we define 



V G , h {u') 
U'ii) 
G-parJt/') 



{t/eX'|G' /i(t/) = G ■ h(u')} = hT^iG ■ h(u')). 
Uo, h (i) ■= W e U' | dim u , (u' n V G)h (u')) = i}, 

max{dim U' G h (i) -i}, 



and call 



G-~par h (x) := mm{G-par h (U') \ U a neighbourhood of x G X'} 
the number of G -parameters of x' w.r.t. h. 

Definition 2.6. Let {Xj,j = 1, . . . , s} be a Rosenlicht stratification of X under G with projections 
Pj : Xj — > Xj/G, let h : X' — > X be a morphism of algebraic varieties and let C/ 7 be an open 
neighbourhood of x' £ X'. Set X'j := /^(X,-), [/j := [/' n Xj. We define 

G-mod h (C/') := max {dim (pj(h(U')))}, 

j=l,...,s 

and call 

G-modh(x') := min{G-mod([/ / ) | U' a neighbourhood of x' in X'} 
the G-modality of x' w.r.t. /i. 

Proposition 2.7. We have G-pa,i h (U') = G-modh(U') and therefore G-par^(x') = G-mod/ l (x / ) 
for all x' e X'. 

For the proof we recall some well-known properties of fibers of a morphism ( [Mum88] , [Bor91j). 
Let / : X — > Y be a morphism of (not necessarily irreducible) algebraic varieties. First, Chevalley's 
theorem says that if W C X is constructible in X, then f(W) is constructible in Y. Secondly, 
the function x h- >■ e(x) := dim x /~ 1 (/(x)) is upper semi-continuous, i.e. for all integers n the set 
{x € X | e(x) > n} is closed. For the proof of these statements and the following lemma some well 
known results in [Mum88, 1.8] for irreducible varieties, are used. For details see |Ngl2 . 



Lemma 2.8. Let f : X — > Y be a morphism algebraic varieties and let e : X — > N be the function 
defined by x ^ e(x) := dim^ f~ 1 ( f{x)). 
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(i) If e(x) is constant, say e(x) = i for all x G X, then 

dimX = i + dimf(X). 

(ii) We have 

max{dim (e~ 1 (i)) — i} > dim/(X). 

Proof of Proposition 2.7 We use the notations of Definition 12.51 and consider the composition 

hj : U> A Xj ^ Xj/G. 

Note that 

hfihjix')) = C/j n h-\(G ■ h{x'))) = U'j n V G , h (x'), Vx' G U'j. 
By the upper semi-continuity of the functions ej : Uj — > N, x' h >• dinv hj 1 (hj(x')), the sets ej 1 ^) 
are locally closed and then 

^) = U e 7 1 « 

is constructible in X' for all i > 0. 

Taking an i such that G-par fe (C/') = dimU'(i) — i and applying Lemma l2.8( i) we deduce 

G-p&r h (U') = maxjdim e~ l (i) — i} = maxjdim (hj{e^ 1 {i))\ } < G-modh(U'). 

" j J j J 

Let j 6 {1, . . . , s} be such that 

G-mod^E/') = dim = dim ([/■). 

Then 

G-par^C/') = max{dimU'(i) -i}> max{dim(e7 1 (i)) - i} > dim/i,(X') = G-mod ft (Z7'), 

where the second inequality follows from Lemma l2.8( ii). Hence G-par^C/ 7 ) = G-modh(U'). □ 

Let the algebraic group G act on the variety X. The proofs of the following corollaries follow 
easily from Definition I2.5| [2ljl and Proposition 12.71 (for details we refer to |Ngl2| ). 

Corollary 2.9. Let h : X' — > X be a morphism of algebraic varieties. Then 

G-mod h (x') < G-mod(/i(x')), Vx' G X' . 

Equality holds if for every open neighbourhood U' of x' , there exists an open neighbourhood U of 
h(x') in X s.t. U C h(U'). In particular, equality holds if h is open. 

Corollary 2.10. Let 

g:X"^X'\x 

be morphisms of algebraic varieties. Then 

G-mod g (x") < G-mod h (h'(x")), Vx" G X" . 

Equality holds if for every open neighbourhood U" of x" , there exists an open neighbourhood U' of 
h'(x") in X' s.t. U' C h'(U"). In particular, equality holds if h! is open. 
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Corollary 2.11. Let the algebraic groups G resp. G' act on the varieties X resp. X' . Let 

h:Y -»• X and h! :Y -> X' 
be two morphisms of varieties such that 

h- l (G ■ %)) = h'-\G' ■ ti(y)),Vy G F. 
Then for any open subset V C Y we have G-mod^(F) = G' -mod/,' (V) . Consequently 

G-mod fe (y) = G'-mod h >(y), Vy G V. 

Corollary 2.12. Let h : X' — > X and hi : Y^ — > X, i = 1, . . . , k, be morphisms of varieties and let 
U' be open in X' satisfying, that for all x' G U' there exist an index i and yi G Yi such that 

G-h{x') = G-hi{ yi ). 

Then 

G-modh(U') < maix{G-modh t (Yi)} < maxjdimYj}. 

i i 

2.3. Right and Contact Modality. The group 1Z := Auifc;(if [[x]]) of automorphisms of the 
local analytic algebra if [[x]] = if [[xi, . . . , x n ]] is called the right group. The contact group K is the 
semi-direct product of Auifc;(if [[x]]) with the group (if [[x]])* of units in if [[x]]. These groups acts 
on if [[x]] by 

U x if [[x]] — »• if [[x]] and K x if [[x]] — ► if [[x]] 
($,/) ^ $(/) ((*,«),/) H- u •$(/). 

Two elements f,g€ if [[x]] are called n^/ii (~ r ) resp. contact (~ c ) equivalent iff they belong to the 
same 1Z- resp. /C-orbit. 

Note that neither 1Z nor /C are algebraic groups, as they are infinite dimensional. In order to be 
able to apply the results from the previous section, we have to pass to the jet spaces. 
An element $ in the right group 7Z is uniquely determined by n power series 

n 

tpi := <&(xj) = a\ Xj + terms of higher oder 
j'=i 

such that det(a^) ^ 0. For each integer k we define the k-jet of <£, 

where j k ((fi) is the fc-jet of tfi, i.e. the image of tpi in the k-th jet space 

J fc :=if[[x]]/m fe+1 , 

m the maximal ideal of if [[x]], represented in if [[x]] by the power series expansion of ipi up to order 
k. We call 

TZ k := {$ k | $ G ft} respectively /C fe := {(<f> k ,j k u) | (*,«) G £} 
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the /c-jet of TZ respectively of /C. Note that J k is an affine space and TZ k ,fC k are affine algebraic 
groups, all equipped with the Zariskis topology. These groups act algebraically on J k by 

fck x Jk — > Jk and K k x J k — > J k 

^ /($(/)) (($k,j k u)J k f) ^ j k (u ■$(/)). 

For / G K[[x]], let := dimif [[x]]/j(/) be the Milnor number and r(/) := dim.fir[[x]]/((/) + 
the Tjurina number of /, where j(f) is the ideal in -K"[[x]] generated by all partials of /. 

Definition 2.13. Let / G ^[[x]] be such that < oo resp. r(/) < oo and let G = TZ resp. 

G = K.. We define the G-modality of /, G-mod(/), to be the Gfc-modality of j k (f) in J k (in the 
sense of Definition 12. 2| ) for sufficiently large integer k. We call / G-simple, G-unimodal, G-bimodal 
if G-mod(/) equals to 0, 1, 2, respectively. 

Here, an integer k is sufficiently large for / w.r.t. G if there exists a neighbourhood U of j k (f) in 
Jfc s.t. every g G K[[x}] with G U is k-determined w.r.t. G, which means that each h 6 i^[[x]] 
s.t. j k (h) = j (g), is right resp. contact equivalent to g. Combining Propositions 12.171 and 12.231 
below we obtain that G-mod(/) is independent of the sufficiently large k. The existence of a 
sufficiently large integer k for / w.r.t G will be shown in Proposition 12 . 1 5l 

We introduce some notions. Let T be an affine variety over K with the structure sheaf Ot 
and its algebra of global section 0(T) = O t {T). If F = £ a Q x Q G 0(T)[[x]],o Q G O(T), then 
a a (t) G -ftT denotes the image of a a in Ox,t/™-t = K with the maximal ideal of the stalk 0T,t ; 
and therefore F(x, t) G -K"[[x]] for each t G T. In the following we write /t( x ) := F(x, t) instead of 
F, just to show the variables x and the parameter t G T. Let / G -K"[[x]] and to G T. An element 
-F(x,t) G 0(T)[[x]] is called an unfolding or deformation with trivial section of / at to G T over T 
if jP(x, to) = / and ft G m = (x) for all t G T. The first statement of the following lemma says that 
the Milnor number \x and the Tjurina number r are semi-continuous w.r.t. unfoldings. Its proof 
can be adapted from the construction in [GLS06, Thm. 1.2.6] by applying [Har77, Thm. 12.8]. The 
second statement follows from (i). 

Lemma 2.14 (Semi-continuity of [/, and r). (i) Let /t(x) = F(x, t) be an unfolding of f at to 
over an affine variety T. Then there exists an open neighbourhood U C T of to such that 

tift) < Kf), resp. r(/ t ) < r(/),Vt G U. 

(ii) The functions fj,,T are upper semi- continuous, i.e. for all i£N, the sets 

U^i := {/ G K[[ X ]] | fM(J) < i] resp. U T)i := {/ G K[[x]] \ r(f) < i} 

are open in K[[x]} w.r.t. the topology induced by the projections j k : i^[[x]] — > J k , i.e. the 
coarsest topology s.t. all projections are continuous. 

Proposition 2.15. Let f G -K"[[x]] be such that /u(/) < oo (resp. t(/) < oo) and let G = TZ (resp. 
G = fC). Then all k > 2 • //(/) (resp. k > 2- r(f)) are sufficiently large for f w.r.t. TZ (resp. w.r.t. 
JC). 
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Proof. By the upper semi-continuity of fj,, r, the subsets 

:= {g G K[[ X }] \ ^g) < and U T := {g G K[[x]] \ r(g) < r(/)} 

are open. It follows from [BGM12, Cor. 1] that g is fc-determined w.r.t. G for all g G (resp. U T ) 
and all k > 2 • ^(7) (resp. k > 2 • r(/)). This means that /c is sufficiently large for / w.r.t. G. □ 

Definition 2.16. Let / G if [[x]] be such that /x(/) < oo (resp. r(f) < oo). Let G = 1Z (resp. 
G = K). Let /t(x) be an unfolding of / at to over an affine variety T. Let k be sufficiently large 
for / w.r.t. G and let be the morphism of algebraic varieties defined by 

$ fc :T^ J k , t^// t (x). 

We define G-modp(f) := G^-mod^ (to) and call it the G-modality or the number of G -parameters 
of / w.r.t. the unfolding F. Note that Gk acts on on J k and that G ! / c -mod$ fe (to) is understood in 
the sense of Definition 12.61 

Proposition 2.17. The number G-modi?(/) is independent of the sufficient large integer k for f 
w.r.t. G. 

Proof. Let XJq denotes the open neighbourhood resp. U T of / in if [fx]], defined as in the proof 
of Proposition 12.151 It is easy to see that the map 

$ : T — > lf[[x]], t->/ t (x) 

is continuous. Then the pre-image Vq = Q~ 1 (Ug) is an open neighbourhood of to- For each k 
sufficient large for / w.r.t. G we consider the map 

<p k : V G A T A K[[x]] A J k . 

By Corollary 

G-mod$ fc (to) = G-mod Vfc (to) 
since § k = j k If fci> ^2 are both sufficient large for / w.r.t. G, then we can easily check that 

<Pkl{G hl ■ V*i(t)) = ^(Gfe • p fa (t)), Vt g Vg- 
Corollary 12.111 yields that 

G kl -mod lfiki (t ) = Gfe 2 -mod ¥ , fc2 (t ) 
and hence Gfe 1 -mod$ fe (to) = Gfc 2 -mod$ fc2 (to), which proves the proposition. □ 

Proposition 2.18 (Semicontinuity of modality). Let G = 11 (resp. G = JC). Then the G-modality 
is upper semicontinunous, i.e. for all i G N, the sets 

Ui-.= {/ G A"[[x]]|G-mod(/) < i} 

is open in K[[x}]. Consequently, the G-modality is upper semicontinunous under unfoldings, i.e. 
for any unfolding /t(x) := F(x, t) at to over T of f with fj,(f) < oo (resp. r(/) < oo) then the set 

U f := {t G T|G-mod(/ t ) < G-mod(/)} 

is open in T . 
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Proof. Let / £ £/j, let k be sufficiently large for / w.r.t. G , and let U' be an open neighbourhood 
of j k f in Jfc such that k is sufficiently large for all g € -K"[[x]] with j k g 6 U' . Then for every 
g G £/', G-mod(g) = Gk-mod(j k g). Take an open neighbourhood U" of j fc / in such that 
Gfc-mod(j' fc /) = Gfc-mod(C7") = i and set U := (i fc ) _1 (^' n ^")- Jt is eas y to see tliat ^ is an °P en 
neighbourhood of / in -K"[[x]] and U C U{. This implies that Ui is open in iT[[x]]. □ 

So far we considered families of singularities parametrized by (affine) varieties, in particular by 
sufficiently height jet spaces. Now we want to use the semiuniversal deformation of a singularity 
since its base space has much smaller dimension. However for moduli problems, the formal de- 
formation theory is not sufficient. We have to pass to the etale topology and apply Artin's resp. 
Elkik's algebraization theorems. 

Recall that an etale neighbourhood of a point x in a variety X consists of a variety U with a 
point u S U and an etale morphism (p : U — > X with <p(u) = x (see, [Mum88, Definition III. 5.1]). 
ip is a morphism of pointed varieties, usually denoted by cp : U, u — >• X, x. The connected etale 
neighbourhoods form a filtered system and the direct limit 

6x, x :=lmO^=limC>(*7) 

is called the Henselization (see |Na53j . [Ra70| . [KPPRM78] ) of O x , x - We have 6 x ,x = Ou,u where 
A denotes the completion w.r.t. the maximal ideal. The Henselization of i^[x]^ x ^ is the ring K(x) 
of algebraic power series in x = (x±, . . . ,x n ). K[x] C K{x) C -K"[[x]] and K{x) may be considered 
as the union of 0(U) C i^[[x]] or Ou tU C K[[x]]. More precisely 

Remark 2.19. For each finite subset A C K(x) there exists an etale neighbourhood (p : U, uq — > 
A n ,0 such that A ^ 0(U), i.e. for all algebraic power series a(x) E A we have a(ip(u)) € 0(U). 

Definition 2.20. Let F(pc,t) be an unfolding of / at to over an affine variety T. 

(a) An unfolding H(x, s) at so over an affine variety S of / is called a pullback or an induced 
unfolding of F if there exists a morphism (p : S, so — >• T, to s.t. H(x, s) = F(x, (f(s)). 

(b) An unfolding H (x, s) at so over an affine variety S of / is called a G-pullback or a G- 
induced unfolding (more precisely: etale G-pullback and etale G-induced) of F if there 
exist an etale neighbourhood ip : W, wq — > S, sq and a morphism ip : W, wo — > T, to such 
that G ■ H(x, y>(w)) = G ■ F(x, ^(w)) for all w G W. 

(c) The unfolding F(x, t) is called G-complete if any unfolding of / is a G-pullback of F. 

The following lemma is an immediate consequence of the definition. 

Lemma 2.21. Let H be a G-pullback of the unfolding F. If H is G-complete, then so is F. 

Proposition 2.22. Any singularity f with //(/) < oo (resp. r(/) < oo) has a right (resp. contact) 
complete unfolding. More precisely, if k is sufficiently large for f w.r.t. 7Z (resp. w.r.t. fC), then 
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the unfolding of f over = A N (with the identification: X^|a|<fc c a x " ^ ( c a)\ a \<k)> 

/ c (x) :=F(x,c) = /(x)+ c«x a , 

\a\<k 

is right (resp. contact) complete. 

Proof. Since k is sufficiently large for / w.r.t. right (resp. contact) equivalence, there exists a 
neighbourhood [/ C 4 of j k f such that each g € U is right (resp. contact) fc-determined. Let 
/i s (x) := H(x, s) be an arbitrary unfolding of / at sq over S and let W := ip~ x (U) be the pre-image 
of U by the morphism 

V;: 5^A Ar ,s^// ls (x)-//(x). 
Then H(x,s) is right (resp. contact) equivalent to F(x,ip(s)) for all s £ W since 

/5(x,s) = /F(x^( S ))e[/ 
and hence if is a right (resp. a contact) pullback of F, which proves the proposition. □ 

Proposition 2.23. Let f G -K"[[x]] be such that p-(f) < oo (resp. t(/) < oo) and let G = 1Z (resp. 
G = K). Let /t(x) := F(x, t) be an unfolding of f at to over T. 

(i) If the unfolding h s (x) := H(x, s) of f at sq over S, is a G '-pullback of F, then G-mod#(/) < 
G-mod F (/). 

(ii) We always have G-modi?(/) < G-mod(/). Equality holds if F(x, t) is G-complete. 

Proof, (i) Since H is a G-pullback of F, there exist an etale neighbourhood ip : W, wo — > S,sq and 
a morphism tp : W, wq — > T, to such that G ■ H(x, V?(w)) = G ■ F(x, ip(w)) for all w G W. 
Let be sufficiently large for / and let <3?fc and be the morphisms defined by 

$ k : T -> J fc ,t h-> // t (x) and : 5 -> J fc ,s ^ //i s (x). 

Then 3> _1 (G • <3?(w)) = \t -1 (G • \&(w)) for all w G W with ot/> and ^ := ^ 093. Combining 

Corollary 12.101 and 12.111 we obtain 

G-mod F (f) = G fe -mod$ fc (t ) > G fe -mod$(w ) = G fc -mod#(w ) = G fc -mod^ fc (s ) = G-mod#(/). 

(ii) Since k is sufficiently large for / w.r.t. G, 

G-mod(/) = G k -mod(j k f) and G-modF(/) = G fc -mod$ fc (t ). 

It follows from Corollary 12.91 that Gfc-mod(j fc /) > Gfc-mod$ fc (to). Hence 

G-mod(/) > G-mod F (/). 

We identify with K N via the map ]C|a|<A; c " xa ^ (c a )\ a \<k an d consider the unfolding 

h c (x) := tf(x,c) = /(x) + Y, c « x " 

|a|<fc 
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of / at over K N . Since the translation 

if>:K N — ► J k = K N 
c H> //i c (x) = j fc / + c 

is an isomorphism, it follows from Corollary 12.91 that 

G fc -mod(//) = G fe -mod^(0) 

and hence G-mod(/) = G-mod#(/)- 

Now, if the unfolding F is G-complete, then H is a G-pullback of F. By (i), G-mod#(/) < 
G-modi?(/) and hence G-mod(/) = G-modp(f). □ 

Example 2.24. (a) The unfolding F(x, t) = x p+1 +hx + ... + t p x p of / = over T = A p , is 
right complete. Indeed, for any unfolding H(x, s) of / at sq over S we write 

H(x, s) = ai(s)x + . . . + a p (s)x p + a p+ i(s)x p+1 + . . . 

with aj(s) 6 O(S). Then aj(so) = V« < p and a p+ i(so) ^ 0. Consider the morphism p : S — > 
T, s h-> (ao(s), . . . , a p (s)) and the open neighbourhood W := 5 \ {s E 5 | o p+ i(so) = 0} of So in S. 
Then it follows from [BCM121 Thm. 2.1] that 

F(x,<p(b)) ~ r H(x,s), for each sef. 

Note that {x, . . . ,x p } is a basis of m/rtv/(/) and that F is a semiuniversal deformation of / with 
trivial section by Proposition 12.251 

(b) The right semi-universal deformation of / = x p+l € with char(K) = p > 2 is given 

by H(x,t) = x p+1 + hx + . . . + tp-iasP -1 . This unfolding of / over A p 1 is not right complete. 
In fact, it is not difficult to see that H(x,t) is equivalent to one of {x, . . . ,x p ,x p+ } for t G A p . 
Corollary 12.271 yields that IZ-modnif) = 0, while 7£-mod(/) > by Theorem 13.11 and hence H is 
not right complete due to Proposition 12.181 

To see this directly, consider the family x p+1 + sx p in characteristic p > over K which, as an 
unfolding with trivial section, cannot be induced by a morphism ip : A 1 — > A p_1 : Since H(x,tp{s)) 
has multiplicity ^ p in for all s ^ 0, it cannot be right equivalent to x p+1 + sx p which has 

multiplicity p for s ^ 0. 

This is of course not a contradiction to F being versal as deformation without section, since 
this means that the family x p+1 + sx p £ ^[[x, s]] can be induced from if by a morphism (p : 
K[[ti, . . . , ip-i]] — >• -K"[[s]] (up to right equivalence in K [[x, s]] over _K"[[s]]). In fact, define ip by 
t\ (->■ — s p , i-> for i > 1, then, if char(K) = p, 

H(x, p(s)) = -s p x + x p+l = {x- s) p x ~ r x p+l + sx p , 

via the isomorphism $ : ETffx, s]] — > K[[x,s]] over ff[[s]], given by x *— > x — s, s *— > s. However, $ 

does not respect the trivial section. 

If chart K) ^ p, we can use the Tschirnhaus transformation xh>i to eliminate sx p from 

p 

x p+1 + sx p and to show that x p+1 + sx p can be induced from H. 
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The following proposition is stronger than Proposition 12,221 because it reduces the number of 
parameters of a G-complete unfolding considerably. For the proof we need the nested Artin ap- 
proximation theorem. 

Proposition 2.25. Let f € m C ^[[x]] be such that //(/) < oo (resp. r(/) < oo). Let gi,...,gi G 
K[x] be a system of generators of the algebra m/m • j(f) (resp. of m/(f) + m • j(f)). Then the 
unfolding (with trivial section) of f over A 1 , 

l 

F(x,t) = /(x) + Ji iSi (x), 
i=l 

represents a formally semiuniversal deformation of f with trivial section with respect to right (resp. 
contact) equivalence. Moreover, it is right (resp. contact) complete. 

Proof. We first show that F represents a formally semiuniversal deformation of / with trivial section 
with respect to right (resp. contact) equivalence. Indeed in [BGM12, Proposition 2.7] it is shown 
that the tangent space to the base space of the semiuniversal deformation with trivial section is 
m/m ' 3 if) (resp. m/ (/} + m • j(/)). The proof of the existence of a semiuniversal deformation in 
[KaS72| or [GLS061 Thm. II. 1.16] can be easily adapted to deformations with section, showing the 
versality of F and hence proving the first claim. 

Let G = 1Z (resp. G = fC) and let k be sufficiently large for / w.r.t. G. Then we may replace F 
resp. / by j k F resp. j k f and assume that F € K[n, t] and / £ K[x] by the following facts: 

(a) {j k gi, ■ ■ ■ ,j k gi} is a system of generators of the algebra m/m • j(j f) (resp. of m/ (/} + m • 
3(3 k f)). 

(b) F is G-complete if and only if j fc F(x,t) is a G-complete unfolding of j k f at to over T (see 
|Ngl2| ). 

Consider the complete unfolding of / over = 

/ic(x) := tf(x,c) = /(x) + c«x a 

|o|<fc 

as in Proposition 12.221 By Lemma 12.21 \ the proof is completed by showing that H is a G-pullback 
of F. 

In fact, the versality of F implies that there exist formal power series $ = ($i, . . . , $ n ) € 
((x)if[[c,x]]) n , <p = (tpi,...,tpi) £ ((c}JC[[c]]) Z and a unit u(c,x) G if[[c,x]] (with u = 1 for 
G = K) with 

(2.1) n(0, 0)^0 and (det (|^)) | (0)0 ) + 0, 

such that 

H($(c, x) , c) = u(c, x) • F(x, <f(c)) . 
Let y = (yi, . . . , y n+ i + i) be new indeterminates (omitting y n+ i + i if G = 1Z) and let 

-P(x,c,y) = H(yx,.. .,y n ,c) - y n +i+i • F(x 3 y n+ i, . . . 3 y n+ {) G iT[x,c,y]. 
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The formal versality of F implies that P = has a formal solution y(c,x) G X[[c, x]] with 

yi := &i G K(c, x), 1 < i < n, 
Vn+j ■= <Pj G K(c), 1 < j < I, 
Vn+i+i ■■= u£K(c,x). 
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By the nested Artin Approximation Theorem ([Po86j Theorem 1.4]), there exists a solution y(c, x) G 
K(c,x.) such that 

Vi G K{c,x), 1 < i < n, 
y n+j G K(c),l<j<l, 
Vn+i+i G K (c, x) 

and 

(2.2) jf(c,x) -y(c,x) G (c,x) 2 . 

Passing to the fe-jet spaces by projection j k : K[[x,c\] — >■ _fT[[x, c]]/(x) fc+1 we get 

/(P(x,c,/(y))) = . . . ,/(y n ),c))-/(y n+m )-/(F(x,/(y n+1 ), . . . ,j k (y n+l ))) = 0. 

Let ^4 be the set of the coefficients of x Q , \a\ < k which appear in all j fc (yj)(x, c), i = 1, . . . , n+Z + 1. 
Then yl C K(c) since K(c,x) C K(c)[[x]] (cf. |Ngl2| ). It follows from Remark [2Jl] that there 
exists an etale neighbourhood ip : U, uo — > A N ,0 such that a(ip(u)) G 0(C7) for all a(c) G A This 
implies that 

/(P(^(u),/(yM«),i)))) =0inO([/)[[x]]/(x) w . 

Combining (2.1), (2.2) we obtain that there exists an open neighbourhood W C U of uo such that 
for all u G W, 



$(u,x) 
V(u) 
u(u, x) 



(/yi(</>(u),x), . . . ,/{/ n (v?(u),x)) G Aut(K[[x\]), 
(y n+ l((p(u),...,y n+ i(<p(u)) eO(U) 1 and 



/y n+z+ i((^(u),x) G K[[xl 



i.e. G ■ j k H($(u, x), = G • F(x,ip(u)). Moreover since k is sufficiently large for / w.r.t. G, 

it is not difficult to see that there exists an open affine neighbourhood W C W of uq such that 



Hence 



G-#($(u,x),^(u)) = G-j k H(<f>(u,x),(p(u)), VueW. 
G-JT(*(u,x), 

which proves the claim. 



Gf./fT($(u,x), 
G-F(x,V(u)),Vu G W, 



□ 
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Proposition 2.26. Let f € -K"[[x]] be such that fi(f) < oo (resp. r(f) < oo) and let G = 7Z (resp. 
G = fC). Let /t(x) := -F(x, t) be any unfolding of f at to over T. Assume that there exist a finite 
set % of unfoldings (x) := H^(x, s) of f at over afftne varieties T^ l \i = 1, . . . , q, and an 
open neighbourhood € V C T, such that the set of G- classes of singularities of /t(x), t 6 7, 
belongs to the set of G -classes of singularities ofH. Then 

G-mod F (f)< max G fc -mod HW (T w ) < max {dim T w }. 

i=l,. ..,q " i=l,...,q 

Proof. Let k be sufficiently large for / w.r.t. G. Considering the morphisms 

<J? fc : T -»■ J fe , t m- // t (x) and : T« -)• J fc , s m- /#(x), i = 1, . . . , q, 
and applying Corollary 12 . 1 21 we obtain 



Gfc-mod$ fe (y) < max {G^-mod a (o(V)} — max {dimT®}. 
i=l,...,<2 *fe i=l,...,q 

Hence 



G-mod(/) = Gfc-mod$ fc (0) < G fc -mod.(i)(rW) < max {dimT«}. 

*fe 1=1,.. .,(7 



Combining Propositions 12.231 and 12.261 we get 



□ 



Corollary 2.27. Let f £ -K"[[x]] 6e suc/i i/iai /•*(/) < oo resp. r(/) < oo. / is G-simple iff it is of 
finite G-unfolding type, i.e. there exists a finite set T of G- classes of singularities satisfying: for 
any (or, equivalently, for one G-complete) unfolding F(x, t) of f at to over an affine variety T, 
there exists a Zariski open neighbourhood Vofto^ T, such that the set of G-classes of singularities 
of F(x, t), t G V, belongs to the set J-. 

Proposition 2.28. Let f € -K"[[x]] = -fT[[xi, . . . ,x n ]] be such that fJ-(f) < oo (resp. t(/) < oo) and 

let G = 7Z (resp. G = fC). Let m = mt{f) be the multiplicity of f . Then 

„ , N . (n + m - l\ 2 

G-mod(/)>( m j-n 2 . 

Ln particular, 

(i) if n = 2, then G-mod(f) >m — 3; 

(ii) if n>2> and m > 3, then G-mod(f) > ^ 

Proof. Let k be sufficiently large for / w.r.t. G. Then k > m and G-mod(f) = Gk-m.od(j k f). Put 
X := m m /m fc+1 C It follows from Proposition I2.4f iii) that 

G-mod(/) in J k > G-mod(f) in X. 

Let the linear group G' := GL(n, K) act on X' := m m /m m+1 by G'xI'-> X', {A, g(x)) H- 9 (Ax). 
Consider the projection p : X — > X' . It is easy to see that p is open and G ■ g C • p(g)) for 

all g G X. Then Proposition |2.4f iv) yields 

G-mod(g) > G' -mod(p(g)) , V 5 G X. 



m 2 + 3m — 16 
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In order to prove the proposition, it is sufficiently to show that 

G'-modMg)) > ( U + m ~ 1 ) -n 2 ,Vge X. 
\ m J 

Indeed, it is easy to see that 



j ffli 1 

dimX' = I ) and dim GL(n,K) 

m 



,2 



n 



Hence, by Proposition 12. 4f i) . 

GL(n,K)-mod(p(g)) > dim X 1 - dim GL(n, K) 

(n + m — 1\ 9 
= )-n\ 
\ m J 

which completes the proof. 

(i) and (ii) follow from explicit calculations. □ 

3. Classification of right simple singularities 

In this section we classify the right simple singularities / £ -ftT[[xi, . . . , x n ]] for K an algebraically 
closed field of characteristic p > 0. The classification of contact simple singularities was done in 
[GK90]. In contrast to char(K) = 0, where the classification of right simple and contact simple 
singularities coincides, the classification is very different in positive characteristic. For example, for 
every p > 0, there are only finitely many classes of right simple singularities and for p = 2 only 
the A\ -singularity in an even number of variables is right simple. The classification of right simple 
singularities is summarized in Theorems 13.11 13.21 and 13.31 



Theorem 3.1. Let charK = p > 0. Let f(x) € be a univariate singularity such that its 

Milnor number fi := //(/) is finite. Then 

H-mod(f) = [jj, /p], the integer part of /i/p. 

Ln particular, f is right simple if and only if fi < p, and then f ~ r . 

Theorem 3.2. Let p = char(iT) > 2. 

(i) A plane curve singularity f G m 2 C K[[x, y]] is right simple if and only if it is right 
equivalent to one of the following forms 



Name 


Normal form 


A fc 


x 2 + y fe+i 1 < k < p - 2 


D fc 


x' 2 y + y k ~ 1 4 < k < p 


Eg 


x A + y 4 3 < p 


E7 


x d + xy A 3 < p 


Eg 


x A + y b 5 < p 



Table &2\ (a) 
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(ii) A hypersurface singularity f € m 2 C A'[[x]] = . . . ,x n ]],n > 3, is right simple if and 

only if it is right equivalent to one of the following forms 



Normal form 


g(xi,x 2 ) + X3 + . . . + x 2 


g is one of the singularities in Table\3.S\ (a) 



Table (b) 

Theorem 3.3. Letp = char(iT) = 2. A hypersurface singularity f G m 2 C -K"[[x]] = if[[xi, . . . ,x r 
with n > 2, is right simple if and only if n is even and if it is right equivalent to 

Ai : xix 2 + X3X4 + . . . + x n _ix n . 



3.1. Univariate singularities in positive characteristic. Let be the ring of univariate 

formal power series. It is obvious that G-mod(/) = for all / € -K"[[x]] if either p := char(K) = 
or G = K,. For the complete classification of univariate singularities as stated in Theorem 13.11 we 



refer to Ngl2 . Here we prove only the second part, i.e. / is right simple iff \i < p and then 
/ ~ r x^ +1 . The "if" -statement follows easily from the upper semi-continuity of the Milnor number 
and the following fact: If p \ mt(f) (in particular, if /i < p) then / ~ r x mt ^' (cf. |BGM12} Thm. 
2.1]). 

It suffices to show that if /i > p then 7£-mod(/) > 1. Indeed, since fi > p, m := mt(f) > p. If 
m = p then we may assume that / = x p + a p +ix p+1 + . . . G Consider the unfolding 

ft = f + txP +1 = xP + (t + a p+1 )x p+1 + .... 

of /. We show that ft ~ r /# implies t = t' . If (p(x) = u\x + U2X 2 + . . . is in 1Z then u\ 7^ and 

<p(f t ) = u p x p + u p 2 x 2p + ... + (*+ a p+1 )u p+1 x p+1 + .... 

If ip(ft) = ft' then u p = 1, hence u\ = 1, and t = t' . This implies that 7£-mod(/) > 1 by Corollary 
12371 

Now, assume that m> p. Consider the unfolding gt := G(x, t) := / + 1 ■ x p of /. By Proposition 
12.181 there exists an open neighbourhood V of in K such that lZ-m.od{gt) < 7^-mod(/) for all 
t E V. Take a to E V \ {0}, then the above case with mt = p yields that lZ-mod(gt ) > 1 since 
mt(g to ) = p, and hence 

K-mod(f) > K-mod( gt0 ) > 1. 

3.2. Right simple plane curve singularities in characteristic > 2. Here and in the next 
section let / G K[[x, y]], mt(f) its multiplicity and fi = //(/) its Milnor number, which we assume 
to be finite. Let p = char(K). 



Proposition 3.4. Let mt{f) = 2 and p > 2. 

(i) If p, < p — 1, then f ~ r A^ and f is right simple. 
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(ii) If fjL > p — 1, then f is not right simple. 

Proof. Since mt(f) = 2 and p > 2, it follows from the right splitting lemma (Lemma 13. 7p that / is 
right equivalent to x 2 + g(y) with g(y) = y 2 if crk(/) = 1 (case A\) and mt(g) > 3 if crk(/) = 1. 

(i) If n < p — 1 then mt(g) < p. By Theorem 13.11 g ~ r y mti ~9) anc j hence / ~ r An- Moreover, 
Theorem 13.11 yields that g is right simple and so is / by Lemma l3.9f iii). 

(ii) If jx > p — 1, then mt(g) > p. Combining Theorem 13.11 and Lemma l3.9l( iii) we get that / is 
not right simple. 

□ 

Proposition 3.5. Let p > 3, let mt(f) = 3 and and be the tangent cone (i.e. the homogeneous 
component of degree 3) of f . Let r(fs) be the number of linear factors 0//3. 

(i) // r(fz) > 2 then f ~ r x 2 y + g{y) with mt(g) = fx — 1 > 3. If additionally 4 < /i < p, then 
f ~ r and f is right simple. 

(ii) If r(fs) = 1, p = 5 and 6 < fi <7 then f ~ r E 1 ^ and / is ng/rf simple. 

(iii) If r(fz) = 1, p > 5 and 6 < < 8 i/ien / ~ r E 1 ^ and / is right simple. 

Proof. This may be proved in much the same way as [GLS061 Thm. 1.2.51, Cor. 1.2.52, Thm. 
1.2.53, Cor. 1.2.54], by applying the finite determinacy theorem in positive characteristic [BGM12, 
Thm. 2.1]. For details we refer to |Ngl2| . □ 

Proposition 3.6. Let mt(f) = 3. Let r(fy) be the number of linear factors of fz- Then f is not 
right simple if 

(i) either p = 3; 

(ii) or p > 3, r(/ 3 ) > 2 and \i > p; 

(iii) or p > 5, r(fy) = 1 and fj, > 8; 

(iv) or p = 5, r(fs) = 1 and fi > 8. 

Proof, (i) We consider the unfolding F(x, y, t) = f + 1 ■ x 2 of / at over K. Since mt(f) = 3 and 
since p = 3, it is easy to see that fJ>(ft) > 2 for all t 7^ 0. Proposition I3.4f ii) yields that ft,t ^ is 
not right simple and hence neither is / by Proposition 12.181 

(ii) By Proposition I3.5f i). / ~ r x 2 y + g{y) with mt(g) = fj, — 1. It suffices to show that h := 
x 2 y + g(y) is not right simple. We write 

g( y ) = a ■ y^ 1 + ... with a^O 

and consider the unfolding 

x 2 y + g(y) + tx 2 + ty p if > p 

x2 V + 5(2/) + at 2 x 2 + atxy^ p ~^/ 2 if fi = p 
of ft at over K. It is easy to see that n(ft) > p for all t 7^ 0. It follows from Proposition 13.41 that 
hf, t 7^ is not right simple and hence neither is h due to Proposition 12.181 

(iii) This is done by the same argument as in }GLS06|, Thm. 1.2.55(2) (ii)]. 



h t := H(x,y,t) 
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(iv) Since r(/ 3 ) = 1 and fj, > 8, using the same argument as in [GLS061 Thm. 1.2.53] we get 

/ ~r 9 ■= x 2 y + ay 5 + (3xy 4 + h(x, y) 

with a, [3 € K and ftem 6 . Consider the unfolding g t := G(x, y, t) = g(x, y) +t ■ xy 4 of g at over 
K and assume that gt ~ r 9t'i i- e - there exists an automorphism 

$:K[[x,y]] — ► tf[[x,jfl 

x h-> 99 = aijX l y^ 

y ^ ^ = s ^ j b i jx % y 3 

such that gt(x,y) = gt'((f,tp). By a simple calculation we conclude that (/3 + i) 3 = (/? + i') 3 and 
hence, for fixed i, gt ~ r ft' for at most three values of t'. It follows from Corollary 12.271 that g is 
not right simple and hence neither is /. □ 

Proof of Theorem UTWi). It follows from Propositions EOHl l3~l [33] and ESJ □ 

3.3. Right simple hypersurface singularities in characteristic > 2. The aim of this para- 
graph is to prove Theorem 13.2( h). Let / G A"[[x]] = A[[xi, . . . , x n }]. We denote by 

*<» - <a!fe< »«-> .*«*<»*».*) 

the Hessian (matrix) of / and by crk(/) := n — rank(.ff(/)) the corank of /. 

Lemma 3.7 (Right splitting lemma in characteristic different from 2). If f € m 2 C K[[x\],char(K) > 
2, has corank crk(/) = k > 0, i/ien 

/ ~r fffcl, • • • +4+1 + • • • + x l 

with g G m 3 . g is called the residual part o// ; i£ is uniquely determined up to right equivalence. 

Proof, cf. [GLS061 Thm. 1.2.47]. The proof in |GLS06| was given for K = C but works in 
characteristic different from 2. □ 

Lemma 3.8. Let p = char(K) > 2 and let 

fi(xu ...,x n )=xl + fl(xi, . . . ,x n -x) G m 2 C K[[xi, . . .,x n ]}, i = 1,2. 
Then fi ~ r f 2 if and only if f[ ~ r f 2 . 

Proof. The direction, f[ ~ r f 2 =¥ fi ~ r /2 is obvious. We now show the other one, 

fl ~r /2 =^ /l ~r /2- 

First, assume that /1 ~ r f 2 - Then crk(/i) = crk(/2) := k and therefore crk(/{) = crk^) = k. It 
follows from Lemma 13.71 that 

fl ~r 9i(x!,.. . , x k ) + x\ +1 + ... + x 2 _ l5 i = 1,2. 

and hence 

fi ~r fftfcl,. . • ,Xk) +Xk+1 + ■■■ +Xn-1 + 
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This implies 

g x (xi,.. .,x k ) +x 2 k+1 + . . . + x 2 n ~ r g 2 (zi, •■ -,Xk) + xt+i + • • • + x 2 

since f\ ~ r /2- The uniqueness of g^ shows that g\ ~ r g2, i.e. there exists an automorphism 
£ Auia;(if [[xi, . . . , Xfc]]) such that 3>'(<7i) = <?2- The automorphism 

$ : if[[xi, . . . ,x n -i\] — > K[[xi, . . . ,x n -i}} 
Xi h-> = 1, • • • , k 

X j I ^ $ j ^ J — k ~\~ 1 , . . . j Tl 1 

yields that 

gi(xi, ... , x fc ) + + . . . + x 2 ^ ~ r 5 2 (aJi, ■ ■ ■ ,%k) + x 2 k+1 + . . . + x\_ x 
and hence /{ ~ r This completes the proof. □ 

Lemma 3.9. Let p = char(K) > 2,n > 2, and let 

f(xi, . . . ,x n ) = x\ + f'{xi, . . . ,x n _i) G m 2 C K[[xi, . . .,x n }] 
be such that fJ,(f) < oo. 

(i) Let F'(x!,t) € (xi, . . . , x n -i) C 0(T)[[xi, . . . , x n _i]] 5e an unfolding of f at to over an 
affine variety T and let F(x, t) = x 2 + -F'(x', t). T/ien 

ft-modf(/) = ft-mod F /(/'). 

(ii) VKe Ziawe 

7£-mod(/ ) in if [[xi, . . . , x n ]] = 7£-mod(_f') m if [[x±, . . . , x n _i]]. 

Proof. Let A; be sufficiently large for / and for /' w.r.t. TZ. Let m' be the maximal ideal in if [[x']] 
and let J k := K[[x!]]/m' k+1 . 
(i) Consider three morphisms 

h k : T — > J k and hi : T — > J[ 



if. : l ? J k auu n k : ± 1 u k 

t i-> j k ft t 

and p : J k — > J' k the natural projection. Then h' k = po h k and 

^ 1 (^-^(t)) = n' fe - 1 (^-n' fe (t)) 

by Lemma 13.81 It follows from Corollary 12.111 that 7£-mod/i fe (to) = Tt-vaoAy (to), and hence 
ft-mod F (/) = ^-mod F /(/'). 

(ii) Let {5i(x'), . . . ,^'( x ')} be a system of generators of m'/m' • j(f'). Then {x n ,#i(x), . . . ,gi(x)} 
with <7i(x) = g^(x'), is a system of generators of m/m • j(/). Proposition 12.251 yields that 

i i 
F'(x',t) = /' + ^^(x / ) resp. Fi(x,t) = / + ^^(x) + t Q x n 

i=l i=l 
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is a right complete unfoldings of /' 



resp. /. Consider the unfolding 



F = f + 5><7i(x) 



8=1 



of /. It is not difficult to see that TZ-modp 1 (f) = TZ-modp(f). This implies, by (i), that 

TZ-mod.F 1 (f) = 7^-mod_F(/) = TZ-modF'(f') 



and hence TZ-mod(f) = IZ-mod(f') due to Proposition 12.231 



□ 



Proof of Theorem \3. 2\f ii) . The "if -statement follows from Theorem I3.2f i) and Lemma 13.91 We 
now consider any simple singularity / € m 2 C -RT[[x]]. Then by the splitting lemma, 

/ ~r f'(xi, ...,X k )+ x\ +1 + . . . + X 2 n 

with /' G (xi, . . . , Xfc} 3 and k = crk(/). Again by Lemma 1331 

72rmod(/') = K-mod(f) = 0. 
It follows from Proposition 12.281 that 



where m = mt(f') > 3. This implies that k < 2, i.e. 

/ ~r g(xi,X 2 ) + xl + . . . + X 2 nl 

for some simple singularity g € -fT[[xi, X2]]. The proof thus follows from Theorem 13. 1\ I3.2f i) and 



3.4. Right simple hypersurface singularities in characteristic 2. Let p = char(K) = 2 and 



Lemma 3.10 (Right splitting lemma in characteristic 2). Let f € m 2 C -^[[x]] = . . . , x n ]], n > 

2. Then there exists an I, < 21 < n such that 



with g € (X21+1, ■ ■ ■ , x n ) 3 or g E 2; 2 / +1 + {X21+1, • • • , s n } 3 if 21 < n. g is called the residual part of 
f , it is uniquely determined up to right equivalence. 




Lemma 13.81 



□ 



let n > 2. 



f ~ r xix 2 + x 3 x 4 + . . . + X21-1X21 + g(x 2i+1 ,...,x n 



Proof. It follows easily from |GK90[ Lemma 1 and 2]. 



□ 



Lemma 3.11. Let n(f) < 00 and 

f(x%, ...,x n ) = x n -ix n + f'(x 1 , x n _ 2 ) e m 2 C K[[xi, x n ]}. 



Then 



Tl-mod(f) in K[[xi, x n }] = Tl-mod(f') in K[[xi, x n _ 2 ]]. 



Proof. By using the same argument as in the proof of Lemma 13.91 



□ 
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Remark 3.12. Since /i(xiX2) = 1, X1X2 £ ^"[[^lj ^2]] is right 2-determined and any unfolding of 
X1X2 is either right equivalent to itself or smooth. Hence x\X2 is right simple. 

Proposition 3.13. Let f G m 2 C -K"[[x]] with fi(f) < 00. Then f is not right simple if 

(i) either f = x\ + g(xi, . . . , x n ) G -K"[[x]] with g G m 3 , 

(ii) or f G m 3 . 

Proof, (i) Let k > 3 be sufficiently large for / w.r.t. 1Z and let X := m 2 /m fc+1 . Then 7^-mod(/) = 
K k -mod(j k f). Let 

Y := x\ + m 3 /m fc+1 C J k , Y' := x\ + m 3 /m 4 

and let 

U := {$ G |$(xi) = zi}, ft' := {$ G 7^ |*(x x ) = 

Then H (resp. T-C) acts on Y (resp. Y') by (3>,y) > 3>(y) and we have 

r 1 ^ • i(y)) = H-yCp- 1 (H'- p(y)) Vy G Y 7 

with the inclusion i : Y ^ X and the projection p : Y ^ Y' . It follows from Proposition I2.4( iv) 
that 

T^fc-mod(y) > H-mod(y) > 7i'-m.od{p(y)),\/y G Y". 
Moreover, Proposition I2.4( i) yields that 

(n 4- 2\ 

%'-mod(p(y)) > dimY' - dim^' = ( J - n(n - 1) > 1. 

This implies that 7£fc-mod(y) > 1 for all y G Y and hence 7^.-mod(/) > 1. 

(ii) By (i), ft is not right simple for all t 7^ 0, where /t(x) := F(x, t) = /(x) + tx\ is an unfolding 
of / at over K. Hence Proposition 12.181 yields that / is not right simple. □ 

Proof of Theorem \3.3[ The "if -statement is obvious. Now, take a right simple singularity / G 
m 2 C if[[x]]. Then mt(f) = 2 by Proposition 12.281 The splitting lemma (Lemma 13. 10p yields that 
/ is right equivalent to 

xix 2 + X3X4 + . . . + X21-1X21 + g(x 2 i+i, ...,x n ) 

with g G (X21+1, ■ ■ ■ ,x n } 3 or g G x\ l+l + (xjy+l? • • • j^n} 3 if 2/ < n. Combining Lemma [3.111 and 
Proposition 13 . 1 31 we obtain that 21 = n, which proves the theorem. □ 
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